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■ Abstract 
» . 

^ ' In this paper we address a topological approach to multiflow (multicommod- 

ity flow) problems in directed networks. Given a terminal weight /z, we define a 
metrized polyhedral complex, called the directed tight span T^, and prove that the 
, dual of /i-weighted maximum multiflow problem reduces to a facility location prob- 

^ ' lem on T^. Also, in case where the network is Eulerian, it further reduces to a 

, facility location problem on the tropical polytope spanned by fi. By utilizing this 

duality, we establish the classifications of terminal weights admitting combinatorial 
min-max relation (i) for every network and (ii) for every Eulerian network. Our 
result includes Lomonosov-Frank theorem for directed free multifiows and Ibaraki- 
Karzanov-Nagamochi's directed multiflow locking theorem as special cases. 



Keywords: multicommodity flows, metrics, min-max theorems, facility locations 

1 Introduction 

A network (G, S, c) is a triple of a directed graph G = {VG, EG), a specified set S C VG 
of nodes called terminals, and a nonnegative integer- valued edge-capacity c : EG — > Z+. 
An S-path is a (directed) path joining distinct terminals. A multiflow (multicommodity 
flow) is a pair (V, A) of a set V of S'-paths and a nonnegative flow-value function A : 
V — )• R+ satisfying the capacity constraint: X]{-^(-P) \ P ^ V, P contains e} < c(e) 
for e € EG. Given a nonnegative terminal weight fj, : S x S —j' R+, the flow- value 
val{n, f) of multiflow / = (7^, A) is defined by ^{A(P)//(sp, tp) | P G V}, where sp 
and tp denote the start node and the end node of P, respectively. Then the ^-weighted 
maximum multiflow problem is formulated as: 

//-MFP: Maximize val(/u,/) over all multifiows / in {G,S,c). 

For a special terminal weight /U, the ^-MFP has a nice integrality property. For 
example, consider S = {s,t} and {fi{s,t), iJ,{t, s)) = (1,0). Then the max-fiow min-cut 
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theorem says that the maximum flow value is equal to the minimum (s, t)-cut value 
and there always exists an integral maximum flow (maximum flow (V, A) for which A is 
integer- valued) . Consider the case where fx{s, t) = 1 for all distinct s,t € S, and network 
is Eulerian. Lomonosov |14] and Frank [3J independently proved that the maximum flow 
value is equal to the sum of the minimum (s, S \ s)-cut value over s € S and there exists 
an integral maximum multiflow. 

The goal of this paper is to classify weight functions fj, : S x S ^ R-|- for which 
/i-MFP possesses such a combinatorial min-max relation. This classification problem, 
called the fractionality problem, was raised by Karzanov for the undirected /i-MFP (G 
is undirected and n is symmetric); see [11]. It is well-known that the LP-dual to fi- 
MFP is a linear optimization over metrics on node set VG. In 90's, Karzanov [12^ [TH] 
found a remarkable fact that all possible candidates of optimal metrics are embedded 
into a metric space on a polyhedral complex associated with fi. This polyhedral complex 
is known as the tight span, which was earlier introduced by Isbell |10j and Dress [2] 
independently. Then the LP-dual reduces to a facility location problem on the tight 
span. Furthermore, if the tight span has a sufficiently nice geometry (dimension at most 
two), then one can obtain a combinatorial min-max relation from its shape. Otherwise 
(dimension at least three), one can conclude that ^u-MFP has no such a combinatorial 
duality relation. Recently, this beautiful theory was further extended by the first author, 
and the fractionality problem for the undirected ^-MFP was roughly settled O [6l [7] . 

Our previous paper [8j started to develop an analogous duality theory for directed 
multiflows. In the directed case, the LP-dual is a linear optimization over possibly 
asymmetric metrics, which we call directed metrics. We introduced a directed version 

of the tight span (directed tight span). In the case of metric //-MFP (/i is a directed 
metric), we showed that the LP-dual reduces to a facility location problem on T^; see 
[8l Section 4]. Moreover, in the case where a network is Eulerian, this LP-dual further 
reduces to a facility location problem on the tropical polytope spanned by fi, which 
was earlier introduced by Develin-Sturmfels [1] in the context of the tropical geometry. 

The main contribution of this paper extends this duality theory for possibly non- 
metric weights and solves the fractionality problems (i) for /i-MFP and (ii) for Eulerian 
/f-MFP (which is /i-MFP on an Eulerian network). In Section [21 we establish a gen- 
eral duality relation for /i-MFP with a possibly nonmetric weight /i. As well as the 
metric case, the LP-dual reduces to a facility location on the directed tight span 
(Theorem 12. 2p . However, in Eulerian case, we need a more careful treatment for the 
nonmetricity of fi. We newly introduce the slimmed tropical polytope Q'jj^"^, which is a 
certain subset of the tropical polytope and coincides with it if /i is a metric. Then 
we prove that the LP-dual to an Eulerian /i-MFP reduces to a facility location on 
QsZim (xheorem 12. 4p . In Section [3l we show the integrality theorem (Theorem 13. ip 
that (i) if dimT^ < 1, then every /i-MFP has an integral optimal multiflow, and (ii) if 
dim Qf"^ < 1 then every Eulerian /i-MFP has an integral optimal multiflow. We remark 
that the former result can be proved by a reduction to the minimum cost circulation. The 
second result includes Lomonosov- Frank theorem for directed free multiflows |14[ [3] and 
Ibaraki-Karzanov-Nagamochi's directed version of the multiflow locking theorem |9] as 
special cases. We give a combinatorial characterization of weights /i with dim Qjj^"^ < 1 
in terms of oriented trees (Theorem 13. 4p . and explain a relationship among these results. 
In Section [31 we show that the one-dimensionality of the directed tight span and the 
slimmed tropical polytope are best possible for the integrality. Theorem 14.11 savs that if 
dimT^ > 2, then there is no positive integer k such that every /i-MFP has a 1/ A;- integral 
optimal multiflow, and that if dimQ^'*™ > 2, then there is no positive integer k such 
that every Eulerian /t-MFP has a l/fc-integral optimal multiflow. 
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Notation. The sets of real numbers and nonnegative real numbers are denoted by R 
and R+, respectively. The set of functions from a set X to R (resp. R+) is denoted 
by R'''" (rcsp. ^^)- For a subset Y C X, the characteristic function ly € R"'^ is 
defined by lyix) = 1 for x € y and ly(x) = for x ^ Y. We particularly denote 
by 1 the all-one function in R"*^. For p,q € , P ^ Q means p{x) < q{x) for each 
X e X, and p < q means p{x) < q{x) for each x e X. For p G R^, is defined by 
= max{p(.7;), 0} for each x € X. For a set P in R"'^, a point p in P is said to 
be minimal if there is no other point q £ P\p with q < p. 

For a set S, a nonnegative real-valued function d on S x S having zero diagonals 
d{s, s) = {s e S) is called a directed distance. We regard a terminal weight SxS ^ R+ 
as a directed distance. A directed distance d on a set S is called a directed metric if 
it satisfies the triangle inequality d(s,t) + d(t,u) > d{s,u) for every triple s,t,u G S. 
A directed metric space is a pair (S, n) of a set S and a directed metric d on S. For 
a directed metric d on V, and two subsets ^, B C F, let d{A, B) denote the minimum 
distance from Ato B: 

d{A,B) = inf {d{x,y) \{x,y) eAx B}. 
In our theory, the following directed metric on R"^ is particularly important: 
D^iP^Q) = \\{<l-p)+\\oc, {= max{q{x) - p{x))+) {p,qe'R^). 

We remark that (p, q) = Q whenever p>q. 

For a directed or undirected graph G, its node set and edge set are denoted by VG 
and £^G, respectively. If directed, an edge with tail x and head y is denoted by xy. If 
undirected, we do not distinguish xy and yx. In a network (G, 5, c), a non-terminal node 
is called an inner node. For a node x G VG, we say "x fulfills the Eulerian condition!'' 
if the sum of the capacities c{xy) over edges xy leaving x is equal to that over edges 
entering x. A network (G, S, c) is said to be inner Eulerian if every inner node fulfills the 
Eulerian condition, and is said to be totally Eulerian if every node fulfills the Eulerian 
condition. 

A directed distance and directed metric is often simply called a distance and a metric, 
respectively. 

2 Duality 

Let (G, S", c) be a network and let be a directed distance on S. We denote by 
MFP*(//; G, S, c) the optimal value of /x-MFP for (G, 5, c). The linear programing dual 
to /x-MFP is given by 

LPD: Minimize c(xy)d{x, y) 

xy€EG 

subject to d is a directed metric on VG, 
d{s,t) > iJ.{s,t) {s,teS). 

We are going to represent LPD as a facility location problem on a metrized polyhedral 
complex associated with fx. Let S"^ and be copies of S. For an element s E. S, the 
corresponding elements in 5"^ and 5'' are denoted by s'^ and s*", respectively. We denote 
S"^ U by S'^^' . For a point p G R'^'"^, the restrictions of p to S'^ and are denoted by 
p'^ and p'^', respectively, i.e., p = {p'^,p^). Consider the following unbounded polyhedron 
inR^^"": 

P^ = {pe R^^" I p{s') +p{f) > fiis,t) {s,t G S)}. 
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Let Doo be a directed metric on R defined as 

D^{p,q) = max{Z)i(/,g^), D+{q',pl} {p,q^ ^'^1- 

We endow and its subsets with this directed metric. For a subset -R in P^, we denote 
by (i?)"*" = the set of nonnegative points in R. Also for s G 5 we denote by {R)s = Rs 
the set of points p ^ R with p{s'^) + p{s'^) = fi{s, s) = 0; if P C R;^'"^ then Rs is the set 
of points p G R with p{s^) = p{s'^) = 0. 

For a subset R C P+, consider the fohowing facility location problem on R: 

FLP: Minimize c{xy)Dao{p{x), p{y)) 

xy£EG 

subject to p : VG R, 

p{s) (£Rs{s€ S). 

Let FLP*(i?; G, S*, c) denote the minimum value of this problem. Then the following 
weak/strong duality holds: 

Lemma 2.1. For a network {G,S,c) and a directed distance p on S, we have 

(1) MFP*(^;G,S',c) < FLP* {R;G,S,c) for any subset R ^ P+ , and 

(2) MFP*{p;G,S,c) = FLP*iP+;G,S,c). 
Proof We first note the following property: 

(2.1) For s,t £ S and {p,q) £ Rs x Rt we have Doo{p,q) > p{s,t). 

Indeed, D^{p,q) > {q{s'^) — > g(s^) + q{t'^) > p{s,t), where we use p{s'^) = 

q{tn = 0. 

It suffices to show (2). Take a map p : VG P^ feasible to FLP. Let d be 
a metric on VG defined by d{x,y) = Doo{p{x), p{y)). By (|2.ip . we have d{s,t) = 
Dooipis), p{t)) > p{s,t) for s,t G S. Thus d is feasible to LPD with the same ob- 
jective value. Conversely, take a metric d feasible to LPD. Define p : VG — )• R'^"'^ 
by ((/)(x))(s'=),(/)(x))(s'^)) = (d(s,x),d(x,s)) for s £ S. Then (p(x))(s^) + = 
d{s,x) + d{x,t) > d{s,t) > p{s,t). Hence p{x) G P+. Moreover {p{s)){s'') = {p{s)){s'') = 
d{s,s) = 0. Thus p is feasible to FLP for R = P^. By triangle inequality we have 
Doo{p{x),p{y)) = max{maxs(zs{d{s, y) - d{s, maxtgs(d(x, t) - d{y, < d{x, y). 
Since c is nonnegative, we have ^c{xy)Doo{p{x), p{y)) < c{xy)d{x,y). □ 

In the following, we are going to determine "reasonably small" subsets R C P+ for 
which the strong duality holds (i) for general networks and (ii) for Eulerian networks. In 
the next subsection (Section l2.ip . we introduce the directed tight span and a fiber 
of the tropical polytope as subsets in P^, and list their fundamental properties, shown 
by our previous paper [8] . In Section 12. 2^ we show that the strong duality holds for 
P = in every network (Theorem 12. 2p . We introduce a notion of a slimmed section 
and show that the strong duality holds for a slimmed section R C in every Eulerian 
network (Theorem 12. 4p . 

2.1 Preliminary: tight spans and tropical polytopes 

Consider the following (non-convex) polyhedral subsets in P^: 

= the set of minimal elements of P^. 
Qfj^ = the set of minimal elements of P^. 
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We call the directed tight span. The polyhedron has the linearity space (1, — 1)R. 
The projection := Q^/ (1, — 1)R is known as the tropical polytope generated by matrix 
{—fi{s,t) \ s,t G S); see Develin and Sturmfels [1]. We note the relation: Q^^ D C 

C P^j. In the inclusions, is a subcomplex (i.e., a union of faces) of P^, and is a 
subcomplex of T^. A subset R C is called a section if the projection p G R f-^ p G Qfj, 
is bijective. A subset P C R"^"*^ is said to be balanced if there is no pair p, q of points in 
R such that p'^ < q'^ or p"^ < q^. In fact, the projection Q+ is surjective and there 

always exists a balanced section in [51 Lemma 2.4]. Figure [T] illustrates Q^, Q^, and 
Qfj_ for all-one distance on a 3-set {s,t,?/}. In this case, = holds, consists of 
three infinite strips with a common side, is a folder consisting of three triangles, and 
Qf^ is a star of three leaves. 

The rest of this subsection is devoted to listing basic properties of these polyhedral 
sets. They were proved in [8l Section 2]. The most important property for us is the 
existence of nonexpansive retractions among them. 

A. Nonexpansive retractions. For two directed metric spaces {V,d) and {V',d'), a 
map (j) : V ^ V is said to be nonexpansive if d' {(j){x) , (j){y)) < d{x,y) for all pairs x,y € 
V. By a cycle C of F we mean a cyclic permutation (xi, X2, . . . , x„) of a finite (multi-)set 
in V. Its length d{C) is defined by X2) + d{x2,X'i) + • • • + d{xn-i,Xn) + d{xn, xi). 
Also, (j) : V V is said to be cyclically nonexpansive if d'[(l)[C)) < d{C) for all cycles C 
in V . A map from a set V to its subset C y is said to be a retraction if it is identity 
on S. 
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(2.2) (1) There exists a nonexpansive retraction (p : with (j){p) < p for 

P e ^'+. 

(2) There exists a cychcally nonexpansive retraction 99 : — )■ Q^. 

(3) For any balanced section R C Q^, the retraction (^/j : R determined 
by the relation 

-PG (1,-1)R. (pGQm) 

is cyclically nonexpansive. 
See Figure [2] for the retraction in (3). 

B. Geodesies and embedding. A path P C R'^'"^ is the image of a continuous map 
Q : [0, 1] H^" . The length of P from q{0) to q{1) is defined by the supremum of 
"^^=0 Doo{Q{ti), giti^i)) over all n > and = to < < ■ ■ ■ < = 1- For simplicity, 
we restrict g to be sufficiently nice: g is injective and its length is finite. A subset 
R C R'^"'^ is said to be geodesic if each pair p, q & R of points is joined by a path in R 
having length D^{p, q) from p to q. 

(2.3) T^, Qfj_, Q'^ and any balanced section in are all geodesic. 
For s & S, let fig be the point in R'^"'^ defined by 

(2.4) ifisin,fisin) = (Kt, s),Ks, t)) (tes). 

Namely /u^ is composed by s-th column and s-th row vectors of /u (as a matrix). 

(2.5) (1) For any balanced section R in we have Rg = {Q^)t = {T^)s- 

(2) For s,t e S we have Doo((?)t)s, (T^)t) = Ks,t). 

(3) If ^ is a metric, then (T^)s = {fJ-s} for each s G 5. 

In particular, if ^ is a metric, then metric space {S, /u) is isometrically embedded into 
any balanced section R in by s H' //g. 

C. Tight extensions. For a metric /U on S, an extension of is a metric donV with 
S C y and d{s,t) = fj.{s,t) for s,t G 5, and it is said to be tight if there is no other 
extension d' on V with d' ^ d and d' < d. Also an extension d on 1/ of /U is said to 
be cyclically tight if there is no other extension d' on V such that d'{C) < d{C) for all 
cycles C 'm.V and d'{C) < d{C) for some cycle C. Every cyclically tight extension is a 
tight extension. The converse is not true. For example, S = fJ-{s,t) = fj.{t,s) = 1, 
V = {s,t,u,v}, and consider two extensions d,d' on V defined by 
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Then d is tight, but not cyclically tight. Indeed, for every pair {x,y) £VxV\SxSif 
d{x, y) > 0, then d{s, t) = d{s, x) + d{x, y) + d{y, t) or d{t^ s) = d{t, x) + d{x, y) + d{y, s); 
this means that we cannot decrease d{x, y) keeping the triangle inequality. Compare d 
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with d'. Then d'{C) < d{C) for all cycles C, and = d'{u,v) + d'{v,u) < d{u,v) + 
d{v,u) = 1. Thus d is not cyclically tight. 

Every tight extension and cyclically tight extension are embedded into (T^, Doo) and 
(Q'l^jDoo), respectively. We use this fact in Sectiondl 

(2.6) Let /i be a metric on S and d its extension on V. 

(1) d is tight if and only if there is an isometric embedding p : V Tfj_ 
such that p{s) = ps for each s £ S. 

(2) d is cyclically tight if and only if there is an isometric embedding 
p : V ^ such that p{s) = fis for each s £ S and p{V) is balanced. 



Here an isometric embedding from (V, d) to {V, d') is a map p : V ^ V satisfying 
d'{p{x),p{y)) = d{x, y) for all x,y £V. 



D. Further technical stuffs. For a point p G P^, let K^(p) = K{p) denote the 
bipartite graph on 5^*" with edge set {sH^ \ p{s'^) = fj.{s,t)}. 

(2.7) (1) A point p € belongs to if and only if K{p) has no isolated node u 
with p{u) > 0. 

(!') A point p £ Pfj, belongs to if and only if K{p) has no isolated node. 

(2) For p £ T^, the dimension of the minimal face of containing p is equal 
to the number of components in K{p) having no node u with p{u) = 0. 

(2') For p G Qfj_, the dimension of the minimal face of containing p is equal 
to the number of components in K{p) [1, Proposition 17]. 

(3) Any fc-dimensional face F in (T^, Doo) is isometric to a /c-dimensional poly- 
tope in (R^,L>+). 

(4) Doo{p,q) = D+^{p'',q'') = D^{q'' ^p") holds for p,q£Q^ and for p,q£ T^. 

(5) Tfj_ has dimension at most 1 if and only if is a path isometric to a segment 
in (R,I)+). 

The property (3) follows from [51 (2.1)]. 

Our technical arguments use a method of perturbing a point p G to another point 
p' G Q^. For a node subset [/ in a graph K{p), the set of nodes in S'^^XU incident to U is 
denoted by Np(U) = N(U). The following consideration is a basis for our perturbation 
method, which has a similar flavor of manipulating dual variables in bipartite matching 
problems: 
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(2.8) Fov peQ+,X QS, let p' := p - elx- for small e > 0, and y := Np{X^). 

• p{s^) > (s^ € X^) is necessary for keeping the nonnegativity of p'. 

• Put p' p' + elyr so that p' e P^. 

• Then all edges joining \ and vanish in K(p'). 

• Therefore, p' belongs to if and only if each node in S'^ \ X^ is 
joined to S"' \ in K{p). 

• We can increase e until some coordinate of p' in X^ reaches zero or 
there appears an edge joining X^ and 5"" \ y . 

Here the fourth implication uses (j2.7|) (!'). 
2.2 Duality relations 

First we establish strong duality relations for general networks and for inner Eulerian 
networks, which are easy consequences of the existence of nonexpansive retractions (j2.2p . 

Theorem 2.2. Let p he a directed distance on S. 

(1) MFP*(/i; G, 5, c) = FLP*(r^; G, S, c) holds for every network (G, 5, c). 

(2) MFP*(^; G, S, c) = FLP*(i?; G, S, c) holds for every balanced section R in and 
every inner Eulerian network (G, S, c) . 

Proof. Take an optimal map p for FLP with R = P^. Take a nonexpansive retraction 
(j) : P^ — )• in ()2.2p (1). Consider the composition (j)o p : VG — )• T^. Then o p is also 
feasible, and does not increase the objective value. Thus we have (1). 

Next we show (2). Suppose that {G,S,c) is inner Eulerian. Then the capacity 
function c : EG Z+ is decomposed into the sum of the incidence vectors of cycles 
Ci, C2, . . . , Cm and S'-paths Pi, P2, ■ ■ ■ , Pn (possibly repeating). Take an optimal map p 
for FLP with R = T^. Then we have 

m n 

(2.9) Yl c{xy)DM^),P{y)) = Y.DMCi)) + Y.DMPj))- 

xys^EG i=l j=l 

We can take a cyclically nonexpansive retraction ip : ^ Rhy (2), (3) in (|2.2p . Since 
ip o p[s) = p{s) G {Tfj,)s = Rs for each s G by (|2.5p (1), ip is identity on {T^)s and 
thus Lp o p is also feasible. Moreover, by cyclically nonexpansiveness, Doo{ip o p{Ci)) < 
P>oo{p{Ci)) holds and also Dooi(po p{Pj)) < Doo{p{Pj)) holds by Dooiipo p{s),Lpo p{t)) = 
Dcxi{p{s), p{t)) for s,t € S. Hence ip o p is also optimal. □ 

We give some examples. Consider the all-one distance p on a 3-set {s,t,u}; recall 
Figure [TJ Then the FLP is a location problem on a directed metric space on a folder 
consisting of three triangles, each of which is isometric to triangle {{x,y) E | < 
y < X < 1} in (R?,D^). Suppose that the network is inner Eulerian. We can take a 
balanced section R in Q^, which is a tree. By a cyclically nonexpansive retraction from 

to i?, the FLP reduces to a location problem on the tree R; see Figure El Consider 
the 2-commodity flow case; let S = {s, s' ,t,t'}, and let p{s,t) = p{s',t') = 1 and let the 
other distances be zero. Then T^j is given by {l^t fiy + a{ls<= — Ir ) + /3(l(s')c — l{t')'-) I 
< a,/3 < 1}, which is isometric to a square {{x,y) G | < x,y < 1} in (R^,D+). 
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Figure 2: Retraction from QtJ^ to R 



Pi. 



Figure 3: The tight span T„ for the 2-commodity distance ^ 



Terminal regions {T^)s, {Tfj,)t, {T^)s' , (T^)t' correspond to four sides as in Figure [3l In 
this case, = holds, and moreover (5+ itself is a balanced section. In contrast to 
the previous example, the region contraction in FLP does not occur if the inner Eulerian 
condition is imposed. 



Slimmed sections and Eulerian condition on terminals. Next we consider the 
case where some of terminals fulfill the Eulerian condition. In this case, the strong 
duality holds for further smaller subsets in Q^, called slimmed sections. To define a 
slimmed section, we need several (somewhat technical) notions. Recall notions of K{p) 
and Np{-) associated with p G Q^; see Section [2T] D. Let Sq be the set of subsets X of 
S such that fj-{s,t) = for all (s,t) £ X x X; obviously {s} £ Sq. For X G Sq, let Q^,x 
denote the set of points p G with s^s^' G EK{p) for s £ X and s'^s^ EK{p) for 
s X; in particular Q^^x = V\s(ixiQf^)s \ Usgs\x(Qm)s- ^ Poi'^* P '^^ called a fat 

relative to X if p G Q^,^x, and N^iS" \ X^) C \ X'' or Np{S'' \ X'') C \ X^. The 
degenerate set Q'j^^x relative to X is the set of points p in QfM,x with Np{S'^\X'^) = S^\X^ 
or Np{S'^ \ X^) = S'^ \ X^. Any point in a degenerate set is a fat. A proper fat is a 
fat not belonging to any degenerate set. Let Q^^*"^ be the subset of obtained by 
deleting all proper fats. We consider the following equivalence relation ~ on Q^'*™: 
p ~ (7 if p — g G (1, — 1)R, or for some X G Sq, both p and q belong to Q'^^^x ^^^"^ 
p — q £ (1, — 1)R+ — Ix'OR" The quotient Qf_^^/ ^ is called the slimmed tropical 
polytope associated with //, and is denoted by Q^'*™. The tropical polytope and the 
slimmed tropical polytope are the same if /i is a metric. 

Proposition 2.3. If fi is a metric, then has no fat, and hence Q^'*™" = Q^. 
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Proof. By {Qfi)s 5 Qfj.,x for s E X and ()2.5p (3), x ^ single point /i^ for s G X. In 
K{fj,s), node s'^ is incident to all nodes in S^, and s*" is incident to all nodes in S"^; thus 
/is is never a fat. □ 

Again we consider special sections in Q^'*™, called slimmed sections. Here a section 
is a subset of Q^'**" bijectively projected into Q'jj^"^. We first define a slimmed section R 
in (Q^'*"*)"*", which is a section such that it is balanced, and for each X € Sq, there is no 
pair p,q € (Q'j^x)'^ such that p{s'^) < q{s'^) for all G 5^ \ or p(s^) < q{s^) for all 

G 5^ \ X^ . Next, a slimmed section R in Q^'*™' is a section such that it is balanced 
and 1)R = 1)R for some slimmed section R' in {Q'jj^"^)~^ (recall that 

the projection from to is surjective). 

Figure H] depicts two examples of together with K{p) for an interior point p in 
each face. In the left example, is obtained from a folder of two triangles by attaching 
one segment on the top. Here any point in triangles except upper edges is a proper fat 
relative to {v}. So (Q^'™)^ is a star of three edges, and is a slimmed section. In the 
right example, is the union of square and segment. Although there is no proper fat, 
points in the square except the left and right corners form a section of degenerate set 
Q'^^f , . A slimmed section is obtained by replacing the square by an appropriate curve 
connecting the left and right corners; see Figure [5J 

A terminal s G S" is said to be proper if {Q^)s has no fat. A network (G, S, c) is said 
to be properly inner Eulerian (relative to ^) if every node except proper terminals fulfills 
the Eulerian condition. The main result here is the following: 

Theorem 2.4. Let fi be a directed distance on S. 

(1) MFP*(//; G, S, c) = FLP*(i?; G, S, c) holds for every slimmed section R in iQf"')+ 
and every properly inner Eulerian network {G,S,c). 

(2) MFP* in; G,S,c) = FLP* (R; G, S,c) holds for every slimmed section R in Qf"" 
and every totally Eulerian network {G,S,c). 
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r-maximal points 



Figure 5: Retraction from to a slimmed section 

The proof uses the fohowing new retraction lemma: 

Lemma 2.5. For any slimmed section R in Q^, there exists a cyclically nonexpansive 
retraction ip from Q'^ to R with ^{{Qfj)t) ^ {Qfj.)t /o*" ^^^/i s £ S. 

The proof of this lemma is given in the end of this subsection. Assuming Lemma [2.51 
we prove Theorem 12.41 Let S* be the set of proper terminals. Take an optimal map 
p : VG — )■ for FLP. As in the proof of Theorem [221 there are cycles Cj and «S'*-paths 
Pj such that ()2.9p holds. Take a cyclically nonexpansive retraction in Lemma [2. 51 Then 
ip o p : VG R is feasible to FLP with R. Since ip is cyclically nonexpansive, Doo{ip o 
p{Ci)) < Doo{p{Gi)) and Doo{ip o p{Pj)) < DooipiPj)), where the second inequality 
follows from the fact that ip is identity on Rs for each proper terminal s G S*. Thus ipop 
and p have the same objective value. The statement (2) follows from (1) and (j2.2p (3). 

Figure [5] illustrates cyclically nonexpansive retractions in the examples of Figure SI 
Again the 2-commodity tight span in Figure [3] has no fat; the region contraction in FLP 
does not occur even if the totally Eulerian condition is imposed. 

As a corollary, we obtain topological properties of slimmed sections: 

Corollary 2.6. Let R C be a slimmed section. 

(1) R is contractible and geodesic, and so is Rs for s £ S. 

(2) IfR^Q+, then p{s,t) = D^{Rs,Rt) for s,t £ S. 

Proof. (1). A cyclically nonexpansive map is continuous in the Euclidean topology [U 
Remark 2.4]. So R is homotopy equivalent to convex set P^ , which is contractible. Since 
P^ is geodesic, so is R; see O Section 2.3]. Since Rs is a retract of a face of it is 
contractible and geodesic by the same argument. 

(2). Consider the Eulerian network {G, S, c) such that c{st) = c{ts) = 1 and the other 
capacities are zero. Obviously MFP*(G, S, c) = n{s, t) + p{t, s). By MFF*{p; G, S, c) = 
FLP* {R;G,S,c), there is {p,q) e Rs x Rt with Doc{p,q) + Doc{q,p) = p{s,t) + I2{t, s). 
Necessarily Dao{p,q) = p{s,t) and Doo{q,p) = p{t,s) by (|2.1|) . □ 

Proof of Lemma 12.51 In the proof, we denote by Q^'^ and Qfj^^ the projections of 
to R'^'' and R"^"^, respectively. These projections are bijective and isometric by (|2.7p (4). 
For q G Q/i'^i we can lift q to p G with p'^ = q by p{t^) = maxscg5c(/i(s, t) — q{s'^)). 

We remark that p{s^) = p{s'^) = for p G x ^^"^ s £ X G Sq. Let B be any 
balanced section in By Qfi^x ^ r]s&xiQf^)s ^^'^ (|2.5p (1), B includes Q~l^ x 
X G Sq. One can verify from ()2.8p that a point p G x ^ ^'^^ only if for small 
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e > we have p'^ — el(5'\x)= ^ iQ^xY ~ ^'^(S\XY ^ {Q~li xY (^^^ property that 
any node u with p{u) = is incident to X^''' by nonnegativity of /i). 

Based on this, for e > 0, consider the map (^3c ^ on B obtained by the following 
process. For each p G ~^*'^{S\X)'' to p'^, where e* is the maximum nonnegative 

real in [0,e] such that — e*l(^s\x)'' belongs to the closure of {Q^xT- Then lift the 
resulting point q to p' G Q^x '^ith {p'Y = q, and define •= P'- Extend ^Xe to 

a map B ^ B by defining it to be identity on the points not in Q^x- 

In above p, e, e*, the following key property holds: 

(2.10) For q G B with q = Lp\^{q), if q is not a proper fat relative to any proper 
subset Y <Z X, then we have 

Doo{vXe{P^<l)) < D^{p,q) + e*, 
DooiVxA^^P)) = Doo{q,p)-e*. 

Proof. By ()2.7p (4), we may consider p'^,q^,D'^ instead oi p,q, Doo- The first relation 
is obvious from definition of D^; see [8, p. 8]. We show the second. We claim that 
K{q) has an edge s'^f joining S'^\X^ and X'^. Suppose not. Then X'^ 5 Ng{X^). Since 
X G So, ^^{s,t) = holds for all (s^T) G Ny{X'') x Hence we have q{u) = for 
u € Ng{X'-)U X"" and g(s'=) > for s^^ G 5^ \ Since g = y53f^,(g), necessarily X" D 
Nq{X^') (proper inclusion), and g is a proper fat relative to Y with Y^ = Ng{X'^) C X'^; 
a contradiction. 

For an edge sH"^ G EK{q) joining S'^\X'^ and X^ , we have e* < p{s'^)+p{t'^)—^{s, t) = 
p{s'^) + p{f') — qis'^) — q{t^) = p{s'^) — qis'^) — q{t^), where we use q{s'^) + q{t^) = fJ-{s, t) 
by s^f G EK{q) and p{t''') = 0. Therefore we have (*) p{s'^) — q{s^) > e*. Thus we have 

DtoiQ',P'-^*^{S\xr) = -'7')+l|oo 

= max - e* - q{f)U} = ^^(g^/) - e*, 

t<=G{S\X)<= 

where the second equality uses p{t^) = for all G X'^ and the third uses (*). □ 

We can define (fx ^ : B ^ B hy changing roles of c and r, and an analogous property 
holds. Let ip'j^ := lim£_j.oo e ^x ■~ ^^^e-^oo^xe (well-defined). Next we study 
the image of ipx- Let p* := (fxip) for p G Q^x- Then K{p*) necessarily has an edge 
joining S'^\X'^ and X"^ . Therefore if p* is a fat, then it is a fat relative to y D X (proper 
inclusion), or p* is r-maximal in (Q^'^x)"'' the sense that p* — e(l(5\x)=) ~'^{s\xy) 
iQ'l^x)'^ for every e > 0. Also if p belongs to (Q'l^x)^^ then p* is an r-maximal point with 
p — p* G (l(5'\x)<=) ~l(S'\x)'-)R'; see the right of Figure [5l Again an analogous property 
holds for ip^^ by changing roles of r and c. Let ipx '■= Vx ° "^x- Then the image ipx{B) 
does not contain a proper fat relative to X. 

Let Bf^^ be the subset of B obtained by deleting all proper fats and replacing each 
{Q'^i^x)^ by the set of its c-maximal points. Order all subsets Xi,X2, ■ ■ ■ ,Xm in Sq so 
that Xi C Xj implies i < j. Then the composition p := <fXm ° fXm-i ° ■ ■ ■ ° fXi is a 
retraction from B to i?^'*™. 

We show that (p : B ^ j^shm. jg cyclically nonexpansive. Let X := X^. Take a cycle 
C in px.^i o px,.2 ° ■■■ ° -i^xAB). We prove that g{e) := Daoi^Px^ei'^)) - -Doo(C) is 
a monotone nonincreasing function. It suffices to show g{e) < for small e > 0. By 
construction, C does not contain proper fats relative to any Y C X. By ()2.10p . for a 



12 



consecutive pair {p, q) in C we have 



{<€ if (p''xip),q = Vxiq), 
= -e if p = ip''j^{p),q^^'j^{q), 
= otherwise. 

Since the number of consecutive pairs {p, q) with p ^ ip'j^{p),q = ip\{q) is equal to that 
with p = ip\{p), q ^ ip\{q), summing up (2.11) over all consecutive pairs yields 5(e) < 0. 
The argument for (^^f is similar. Thus (p is cyclically nonexpansive. 

We next verify that Bf^^ is slimmed. Indeed, take an arbitrary pair p, p' of c-maximal 
points in {Q'^i^x)^- Then there are edges sH'^ G EK{p), s'^i^ G EK{p') joining and 
S'' \ X'\ Hence p'{s^) +p'{f) = p'{e) > n{s,t) = p{e), and > fi{s,i) = p'{f). 

Finally we construct a cyclically nonexpansive retraction from to any slimmed 
section. Any slimmed section R in (Q^'*™)"*" is obtained from a balanced section B by 
deleting all proper fats and replacing each {Q'l^x)'^ ^ subset Rx with the properties 
that (i) there is no pair p,q € Rx with p{s'^) < q{s'^) for all s'^ & S'^\ X'^ or p(s^) < 
for all s'' € S"" \ X*", and (ii) for each p' G {Q'^i^x)^ there uniquely exists p E Rx 
with p — p' & (l(5y^)c, — l(_5y^)r)R. It suffices to give a cyclically nonexpansive map 
from Bf^"^ to R. For each X E So, we can define a map (p'^ on Bf^"^ as: For each 
p G (Q'l^x)^^ define ^'^{p) to be the point p' in Rx determined by the relation p' — p G 
~l{s\x)'')R') aiid to be identity on the other points. So it suffices to prove 
that ip-^ is cyclically nonexpansive; consider the composition of ip^ for all X £So. One 
can verify this fact in the essentially same way as above. The projection of (Q'j^x)^ 
to r('^\"''^)'"^ is isometry, and the image of Rx is a balanced set in R*^'^^'''- ^'"^ . So we can 
apply the method in the proof of [8l Lemma 2.7]; the details are left to readers. 

3 Integrality 

The geometry of and Q^'*™ crucially affects the integrality of /i-MFP. The dimension 
of is defined by the largest dimension of faces of T^. The dimension of 0^'*"^ is defined 
by the largest dimension of faces F of Q^'**" in modulo ~; intuitively, it is the dimension 
of its slimmed section. The main goal of this section is to prove the following integrality 
theorem: 

Theorem 3.1. Let fi be a directed distance on S. 

(1) If dim < 1, then fj,-MFP has an integral optimal multiflow for every network 
{G,S,c). 

(2) //dimQ^'**" ^ f, then jx-MFP has an integral optimal multiflow for every properly 
inner Eulerian network {G,S,c) (relative to fi). 

The first statement (1) is reducible to the minimum cost circulation. So we mainly 
concentrate on the second statement (2) and its consequences. The rest of this section 
is organized as follows. In next Section 13.11 we give basic definitions for cuts, cut 
distances, and oriented-tree realizations. Then, in Section [3^21 we prove Theorem l3.1l (2). 
In Section [3.31 we give a useful "combinatorial version" of Theorem 13.11 (2). and derive 
(slight) extensions of Lomonosov- Frank theorem for directed free multifiows and Ibaraki- 
Karzanov-Nagamochi's directed version of the multifiow locking theorem. In Section [3.41 
we prove (1) by a reduction to the minimum cost circulation. 
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3.1 Preliminary: partial cuts, cut distances, and oriented trees 

A partial cut on a set S is an ordered pair (A, B) of disjoint subsets A,B C S. We 
particularly call (A, B) a cut \i A\J B = S. For a partial cut (A, i3) on 5, the cut 
distance 5a,b ■ S x S ^ R+ is defined by 

„ / ,N ( 1 ii (s,t) e A X B, , ^ ^, 
^^'^(^'*) = i othe;wise, ^^'^ ^ 

In a network (G, 5, c), for a node subset X C yG, let dX denote the set of edges leaving 
X. For a partial cut (vl, i?) on 5, the following relation is nothing but the max-flow 
min-cut theorem: 

(3.1) MFP*(5a,b; G, 5, c) = min{c(aX) | ^ C X C \ B}. 

An oriented tree -T is a directed graph whose underlying undirected graph is a tree. 
For a nonnegative edge length a : EF R_|_, we define directed metric Dp^a on VF as 
follows. For two nodes n, the distance Dr^aiu, v) is defined by the sum of edge-length 
a(e) over edges e = pq such that the unique walk from u to v passes through pq in order 
u ^ p ^ q ^ V. Namely Dr,a does not count the edge-length of edges with the opposite 
direction. A subtree of -T is a subgraph whose underlying undirected graph is a tree. For 
a directed distance fj, on S, an oriented-tree realization {r,a;{Fs}s(zs) is a triple of an 
oriented tree F, a nonnegative edge-length a, and a family {F^lsgs of subtrees indexed 
by S such that 

fi{s,t) = Dr,a{Fs,Ft) {s,teS). 

Deletion of an edge e = uv in F decomposes F into two connected components Fl,F" 
so that -Tg contains u. This yields a partial cut {Ae,Be) of S hy A^ := {s €z S \ 
Fg belongs to F^} and B^ := {s £ S \ Fg belongs to F"}. From definition of Dr,a, one 
can easily see 



(3.2) ^ = o^m 



e£Er 



3.2 Proof of Theorem SH] (2) 

Suppose dimQ^'^'" < 1. Then we can take a slimmed section R represented as a union 
of one-dimensional faces of (Q^'*"*)^; see the proof of Lemma 12.51 By (3) and (4) in 
()2.7p . each segment in R is isometric to a segment in (R, Dj^). Since R is contractible 
(Corollary 12. 6p . the 1-skeleton graph of is a tree. Orient this 1-skeleton graph 
F so that for each edge pq (segment [p, g]), p is oriented to q ^ D^{p,q) > (and 
DQo{q,p) = 0). Also let a{pq) := D^{p,q) for (oriented) edge pq € EF. Then we obtain 
an oriented tree F with edge-length a. Let Verti? be the set of vertices (endpoints 
of segments) of R. Since R is geodesic (Corollarv 12.61 (1)), (Verti?, Dqo) is isometric 
to {y F,Dr^a)- For s G 5, let Eg be the subgraph induced by Rg (well-defined since 
Rg is a subcomplex of R). Since Rg is also contractible (Corollary 12.61 (1)), Eg is a 
subtree. Summarizing these facts together with Corollarv 12.61 (2). we can conclude that 
{F,a; {Fg}g^s) is an oriented-tree realization of /i. 
I. We first prove the following min-max relation: 

(3.3) MFP* (/i; G, S, c) = FLP* (Verti?; G, S, c) 

= min I c{xy)Dr,Mx),p{y)) \p:VG^VF, p{s) G VEg {s G S) 

I xyeEG 
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This means that FLP becomes a discrete location problem on F. By construction of 
r, it suffices to show the first equality, that is, there is an optimal map p* : VG — > R 
for FLP with p*(yG) C Verti?. Take any optimal map p : VG R. Suppose that 
there is an interior point p* of some segment [p,q] in R with p~^{p*) 7^ 0. Take a 
sufficiently small positive e > 0. Increase e until p* + e{p — q) = p or p* — e{p — q) = q 
or p~^{p* - e{p - g)) 7^ or p~^{p* + e{p - q)) ^ 0. Let p+,P- ■ VG Rhe defined by 

[ p[x) otherwise. 

Then both />+ and p- are feasible. Since Doo{p,q) = Doo{p,r) + Doo{r,q) for r £ \p,q] 
and R is geodesic, the following holds: 

DM-lpiy)) = DMx),p,iy)) + D^ip,ix),p^iy)) ^^^^^y^y 

Therefore both p+ and p- are optimal. For at least one of p^,p-, say p+, the number 
of points p G R \ Verti? with {p^)^^{p) ^ decreases. Let p := p+. We can repeat this 
procedure until p{VG) C Verti?. This proves claim p.3p . 

II. Second we derive the following min-cut expression: 

(3.4) MFP*(^; G, S,c) = ^ a{e) min{c(ax) \ A^^ X CVG\ Be}. 

e&Er 

(<) follows from LHS < ^^g^jj^ a(e)MFP*((5^^_B^ ; G, S*, c) = RHS, where the inequality 
follows from (|3.2p . and the equality follows from the max- flow min-cut theorem (j3.ip . 
Let p* : VG — ?• VF be an optimal map in ()3.3p . Let d* be the metric on VG de- 
fined by d*{x,y) = Dr,a{p*{x), p*{y)) for x,y € VG. Then has an oriented-tree 
realization {F,a] {p{x)}x£Vg)- Again the deletion of edge e yields a cut {Xe,Ye) of 
VG with C Xe C y \ 5e, and d* = Y.e<^Er<^i^)^x,x,. Thus MFY>*{p-G,S,c) = 

III. Finally, we show the existence of an integral optimal multiflow. We use the 
splitting-off technique. By multiplying edges, we may assume that each edge has unit 
capacity. For a pair {xy, yz) of consecutive edges, the splitting-off operation is to delete 
xy and yz and add a new edge from x to z (of unit capacity) . If the splitting-off operation 
does not decrease the optimal multiflow value, then from any optimal multiflow in the 
new network after the splitting-off we obtain an optimal multiflow in the initial network, 
and we can apply the inductive argument (on the number of edges) . Consider any optimal 
(fractional) multiflow / = (7^, A). Suppose that there is a pair {xy,yz) of consecutive 
edges such that some path in V with nonzero flow-value passes through xy, yz in order. 
If such a pair does not exist, then / is already an integral multiflow. We show that 
the splitting-off at {xy, yz) is successful. Suppose that the splitting-off decreases the 
optimal flow- value. By (|3.4p . there are e E EF and X* attaining the minimum of 
min{c(aX) \ Ae ^ X C VG \ Be} such that {*) x, z e X* ^ y or y e X* ^ x,z. 
Since / is an optimal multiflow for weight SAe,Be^ i-^-, a maximum (single commodity) 
{Ae, Be)-&ow, each path in V (with nonzero flow-value) must meet dX* at most once. 
This contradicts (*). 

3.3 Combinatorial min-max relations 

We have already shown that if dimQ^'™ < 1, then we obtain an oriented-tree realization 
of /i by Q^'*"^, and the min-max relation (|3.3p from this realization. The next theorem 
states that if p is realized by an oriented tree, then one can get such a min-max relation 
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directly (without calculating Qf"^). Let IMFP*(/x; G, 5, c) denote the maximum flow- 
value with respect to fi over all integral multiflows in (G, S, c). 

Theorem 3.2. Let ^ he a directed distance on S having an oriented-tree realization 
{r,a;{Fs}ses)j 0'''^d let {G,S,c) be an inner Eulerian network such that the Eulerian 
condition is fulfilled by each terminal s with Fg being neither a single node nor a directed 
path. Then the following relation holds: 

(3.5) MFP*(/x; G, S, c) = IMFP*(/z; G, S, c) 

= min i V c{xy)Dr,a{pi^),Piy)) P-VG^ VF, p{s) G VF, {s G S) 




= a{e) mm{c{dX) \Ae<ZX <ZVG\ Be}, 

e£Er 

where {Ae,Be) is a partial cut on S determined by the deletion of edge e G EF. 

The proof uses the next proposition, which says that (Q^'*'")"'' is (essentially) a 
geometric realization of an oriented-tree realization (F,a;{Fs}s^s)- 

Proposition 3.3. Suppose that p has an oriented-tree realization (F, a; {Fs}ses) so that 
{Fs}s,zs contains all single-node subtrees. Let Sq S consist of elements s such that Eg 
is a single node Vs. Then the following holds: 

(1) (Qf ™)+ = [j{[Ps,l^t] \s,te So,VsVt G EE}. 

(2) {Qfnt = [J{[Pt,Pu] \t,ue So,VtVu G EEs} for s G S. 

(3) (Q^'**")"^ itself is a slimmed section. 

(4) {Q^)s has no fat if Eg is a single node or a directed path. 

See Section [2.11 B for definition of /i^. The proof is a routine verification, but rather 
technical. So the proof is given in the end of this subsection. In (4) the converse (only-if 
part) also holds. However we omit the proof, which is also a lengthy verification. 

Assuming Proposition 13.31 we complete the proof of Theorem 13.21 Suppose that /i is 
realized by {F,a\{Fs}s^s)- We can add isolated terminals to {G,S,c) so that {-Fsj^gs 
includes all single-node subtrees. Thus we may assume that {F, a; {Es}s£s) fulfills the 
hypothesis in Proposition 13.31 Consider a slimmed section R = (Q^'*™')'^. Then the 
1-skeleton graph of R coincides with F. Hence we can apply the arguments (e.g., (|3.3p . 
()3.4p ) in the previous subsection. 

We give characterizations of a class of distances fi with diniQ*'**" < 1. Two partial 
cuts {A, B) and {A', B') are said to be laminar \i A ^ A\B ^ B' oi A Ci B', B ^ A' ot 
A ^ A' , B Q B' or A ^ B' , B C A' . A family A of partial cuts is said to be laminar if 
every pair in A is laminar. 

Theorem 3.4. For a directed distance fi on S, the following conditions are equivalent: 

(1) dirnQf "" < 1. 

(2) /i has an oriented-tree realization. 

(3) There are a laminar family A of partial cuts on S and a positive weight a : R+ 
such that 

H= ^ a{A,B)5A,B- 

iA,B)eA 
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Proof. We have already seen (1) (2) in Section 13.21 Theorem 14.11 (2) in Section |3] 
says that if dimQ^'*™' > 2 then there is no integer k such that /x-MFP has a l//c-integral 
multiflow for every Eulerian network. Therefore, by Theorem 13.21 if /i has an oriented- 
tree reahzation, then dimQ^'**" < 1 necessarily holds. Thus we have (2) =^ (1). The 
equivalence (2) <^ (3) is not difficult, and is essentially obtained by [4j (in an undirected 
version) . □ 



Directed multiflow^ locking theorem. Let ^ be a set of partial cuts on terminal 
set 5 in a network. We say that a multiflow / locks ^ if / is simultaneously a maximum 
(^4, i?)-flow for all partial cuts {A, B) in A. In the case where A is laminar, there 
are an oriented-tree F and a family {F^jsg^ of subtrees such that A coincides with 
the set {{Ae, Be)}eeEr of partial cuts on S. Consider distance ^ := Y1{a B)eA^^>^- 
Then fi is realized by {F, 1; {Fs}sg5). Here Fs is a directed path if (and only if) there 
is no pair {A, B), {A' , B') e A with s A U B U A' U B' and A C B',A' C B or 
B C A',B' C A. Apply Theorem 13.21 to /i. From the last equality in ()3.5p . an optimal 
multiflow is necessarily optimal to J^^s-MFP for each (A, B) € A] see the argument 
after ()3.4p . This implies the following: 

Theorem 3.5. Let A he a laminar family of partial cuts on S, and let {G,S,c) be an 
inner Eulerian network. If the Eulerian condition is fulfilled by each terminal s having a 
pair {A,B), {A',B') G A with s ^ AuBuA'uB' and A CB',A'CBorBC A',B' C A, 
then there is an integral multiflow locking A. 

This includes Ibaraki-Karzanov-Nagamochi's result for laminar cuts. 

Theorem 3.6 {[9\ Theorem 5]). Let A be a laminar family of cuts on S. For every 
inner Eulerian network {G,S,c), there is an integral multiflow locking A. 

0-1 distances and commodity graphs. Suppose the case where n is {0, l}-valued. 

In this case, /i can be identified with a commodity graph H hy st € EH ^(s,t) = 1. 
For a commodity graph H on S, let fin denote the corresponding 0-1 distance on S 
defined by fiH{s,t) = 1 44> st G EH. In the case where if is a complete digraph, 
Lomonosov and Frank independently established the following min-max relation: 

Theorem 3.7 ([14^ [3]). Let H be a complete digraph on S. For every inner Eulerian 
network {G,S,c), we have 

MFP*(/xj/;G,5,c) = IMFP*(/iH; G, 5, c) = ^mm{c{dX) \ seX C VG\{S\s)}. 

This theorem can be regarded as a special case of Theorem 13.21 Indeed, the all-one 
distance is realized by a star with the sink (or source) as its center. So we can extend 
this theorem to a class of commodity graphs having oriented-tree realizations. 

A quasi- complete digraph H is a simple digraph having a node subset T such that 

(0) all edges are incident to T, 

(1) the subgraph induced by T is a complete digraph, and 

(2) all edges between T and VH \ F leave F or enter F. 

The node set F is said to be the complete part, and H is said to be source-type if the 
edges between F and VH \ F enter F and is said to be sink-type otherwise. For a quasi- 
complete digraph H with complete part F = {xi,X2, . . . , Xm}, the corresponding {0, 1}- 
valued distance fin has an oriented-tree realization by a star F olm leaves vi,V2, . . . ,Vm 
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such that the center vq is a source if H is source-type, and is a sink if H is sink-type. 
Indeed, for i = 1, 2, . . . , m, let Rx^ be the subtree consisting of one node Vi. For a node 
s € VH\T, if s is joined to xj-^ , , • • • , Xj^, , then let i?<j be the subtree consisting of nodes 

ji,Vj2, ■ ■ ■ j^jfe}- Then one can verify that (i"', 1; {Rs^s^yh) is a 
required realization. In particular, each node s having at least m — 1 edges is associated 
with a single node or a directed path in F. By Theorem 13.21 we have the following: 

Theorem 3.8. Let H be a quasi- complete digraph on S with complete part T , and let 
{G, S, c) be an inner Eulerian network such that the Eulerian condition is fulfilled by 
each terminal s incident to at most \T\ — 2 edge in H . Then the following holds: 

(3.6) MFP*(;Uh; G, 5, c) = IMFP*(/xj/; G, S, c) 

min{c{dX) | s G X C \ Nh{s)} if H is sink-type, 

mm{c{dX) \ Nh{s) Q X CI VG\ s} if H is source-type, 

where Nh(s) is the set of nodes incident to s in H. 

A multipartite extension of a graph H \s a graph obtained by replacing each node 
V hy a node subset and joining each pair (x, y) £ Uy x Uu exactly when vu G EH. 
Trivially we can further extend this relation (|3.6p to the case where H is a multipartite 
extension of a quasi-complete digraph (by super sink/source argument). 

Also we easily see from Theorem 13.41 the following: 

Proposition 3.9. For a simple digraph H on S, the following conditions are equivalent: 

(a) dimQ^'^'" < 1. 

(b) H is a multipartite extension of a quasi- complete digraph. 



Proof of Proposition 13.31 Take an arbitrary s G 5o. We first claim /i^ G (Q^'*™)'*'. 
Since Fg is a single node Vs, we have ^si^^) + fJ-siu^) = fJ-it, s) + fJ-is, u) = Dr,a{Ft-,Vs) + 
Dr,a{'Vs, Fu) > Dr,aiFt, Fu) = fJ,{t,u) for t,u £ S. Thus fis ^ Pfj^- Next we give a 
description of K{fj,s)- Delete Vg from F. Let Fi,F2, . . . ,Fk be the resulting connected 
components. For i = 1,2, ... ,k, let Ui be the set of elements t G 5 such that Ft 
belongs to i^. Let W be the set of elements t € S such that Ft contains Vg- Then 
{W, Ui, U2, . . . , Uk} is a partition of S. A pair (t^, u*") £ x S^' has an edge in K{^s) 
if and only if a shortest path from Ft to F^ can pass through the node Vg- We remark 
that tracing an edge in reverse direction takes zero length. Then we see the following: 

(a) Pair [u^, t"^) G Ui^ x Uf has an edge if and only if i 7^ j. 

(b) Each pair {u'^,t'^) G x has an edge. 

(c) is incident to each element in S"^ and is incident to each element in 5^. 

So there is no isolated node, and thus we have fis G Q^. By (c), fis is not a fat. Thus 
Us G (Q^'*"*)^ and in particular //^ G Q^i^/ by (a,b). Also we see: 

(d) For 1 < i < k there is t £ Ui Ci Sq such that either fJ-sif^) = or f^sif^) = 0. 
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Indeed, by assumption, there is t G 5*0 such that vt is a node in Fi incident to Vg- Then 
t ^ Ui, and Hsit^) = if VsVt G EF and fJ-sit^) = if vtVs G EF. Next we claim: 

(3.7) If a face F of (Q^'*™)^ contains yU^, then F = [/is,/^t] for some t G Sq with 
WsUj G -E-T or ujUs G -E-T. 

If true, then we obtain the first statement (1) (since (Q^'*"^)^ is connected). Perturb fig 
into p so that p G (Q^'**")^ and EK{p) C EK{ps) (i-e., p belongs to a face containing 
//g). Let X~ be the set of nodes u G 5"^^ with p{u) < p-siu), and let be the set of 
nodes u G S'^'" with p(n) > p.s{u). Recall ()2.8p . Necessarily X+ = Ni^i^{X^); otherwise 
there is an isolated node in K[p). We claim 

(*) X- = Ujg^ Uj^ or X- = Ujg^ t/j'' for some / C {1, 2, . . . , A;}. 

Suppose that both [// n X' and C// \ X" are nonempty. Since N^^ {Uj"" r\X~)\W'' = 
N^XUj^ \X-)\Why (a), W C iV^,([// n X~) implies that \ X~ is isolated. So 

\ N^^{Uj'^ n X~) is nonempty, and has an edge incident to Uj'^ \ X~ . Let Wq C W 
with Wq"^ := M/^'' \ A^^^(C/j^nX~). Necessarily each Ft for t G Wq includes edge e joining 
Vs and (otherwise f is incident to all elements in Uj'^), and moreover e leaves Vg 
(otherwise there is no edge between Wq"^ and Uj'^). By this property, there is no edge 
joining Wq'^ and Uj'^ in K{fis) (and in K{p)). Thus p is a proper fat relative to Wq; a 
contradiction. Also Ui'^ U C/j'" C X~ is impossible by (a,d). 

We may suppose X^ = Uje/ ^j^- We show / = {i} for some i. Suppose true. Then 
we can see p = fig + ^{~'^Ui''^ ^N^^{Ui'')) some e > 0. By (d), there is t £ Ui Ci Sq with 
VfVs G EF and p G as required. Suppose \I\ > 2. Then S'^ \ C Nfj,^(X~) = 

X~^ by (a), and K(p) has no edge between \ X~ and X~^. This means that p is a 
proper fat relative to some W' C W; a contradiction. 

In the argument above, we can see that the perturbed p never belongs to any degen- 
erate set; so Qfj, has no degenerate set. This implies (3). The claim (2) can be verified 
in a straightforward manner. 

(4). Let t be a terminal such that Ft is a single node or a directed path. Take 
any s G 5*0 with Vg belonging to Ft. Then fig belongs to (Q^'*"^)^'^. Again perturb /x<j 
into p G {Q^,)t- It suffices to show p G {Qf"^)t- In the partition {W, t/i, C/2, . . . , Uk} 
for K{fig), t belongs to W. As above, consider X~,X^. Then X~ = (Jjg/^i'^ 
X^ = Uj-gj some / C {1, 2, . . . , fc}. From the assumption that Ft is a single node 

or a directed path, one can see that is incident to all nodes in except Ui'^ for which 
Fi includes the tail of Ft, and that is incident to all nodes in 5"^ except Uj^ for which 
Fj includes the head of Ft. From this fact, either / = {i} or {j}; otherwise edge f^t^ 
vanishes in K{p) and this implies p {Q^)f . Thus we can verify p G {Q'^J^^"^)t above. 

3.4 Case dimT^ < 1: reduction to minimum cost circulation 

Suppose dimT^ < 1. In this case, is also a tree. Thus the argument in Section [312] 
is applicable. However, by ()2.7p (5) is a path isometric to a segment in (R, !)+,). 
Therefore by ()2.5p (2) there is a family 6s] | s G S} of segments in R such that 

fi{s,t) = {at - bg)+ {s,t£S). 

By using this expression, we show that /Li-MFP is reducible to the minimum cost circula- 
tion. Let (G, 5, c) be a network. For each terminal pair (s, t) with ^{s, t) = {at—bg)+ > 0, 
add new edge (terminal edge) ts with edge-cost — /i(s,t). Then consider the minimum 
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cost circulation problem on the new network; this is a relaxation of /z-MFP. As is well- 
known, there is an integral minimum cost circulation. This circulation can be decom- 
posed into the sum of the incidence vectors for some (possibly repeating) cycles. If each 
cycle contains at most one terminal edge, then we obtain an integral optimal multiflow by 
deleting the terminal edge from each cycle. So suppose that there is a cycle C containing 
at least two terminal edges. Then C is the union of terminal edges to^i; ^2^3, • • • , tk-i^k 
and S'-paths Pi^2-,P'i,A:-, ■ ■ ■ ■,Pk-2,k-i-,Pkfi-, where k is an odd integer, and Pi,i+i is an 
(tj, ti+i)-path. We claim 

(3.8) ^ ^J'{ti+uti) < ^ n{ti_i,ti), 

4=0,2,4,. ..,fe-l i=0,2,4,...,fc-l 

where we let t-i = t^. The LHS (=: /u(C)) is the negative of the cost of the cycle C 
and the RHS is the total flow- value of S-paths {i'i,i+i}i=i,3,5,... (with unit flow- values) . 
Suppose that the claim (|3.8p is true. By decomposing each cycle into S-paths as above, 
we obtain an integral multiflow / whose total flow-value val(/u, /) is at least the negative 
of the total cost of the mincost relaxation problem. So / is optimal. 

The claim ()3.8p can be seen as follows. Move point x in R as aj^ — )• ht^ — > at^ — > 
^ • • • — > ^tfc — > • In each odd step, the point x moves in the negative direction 
since oj^ > ht^j^^. In particular the total move over odd steps coincides with n{C). Since 
the point x returns to the initial point, n{C) is at most the total move in the positive 
direction over even steps, which equals the RHS in ()3.8p . 

4 Unbounded fractionality 

The integrality theorem (Theorem 13. ip in the previous section is best possible. The goal 
of this section is to establish the unbounded fractionality property: 

Theorem 4.1. Let fi be a directed distance on S. 

(1) If dim Tf^ > 2, then there is no positive integer k such that fi-MFP has a 1/k- 
integral optimal multiflow for every network {G, S, c) . 

(2) //dimQ^'*™ > 2, then there is no positive integer k such that fi-MFP has a 1/k- 
integral optimal multiflow for every totally Eulerian network {G,S,c). 

In the following, the edge set of a complete digraph (without loops) on a set V is 
denoted by Ey- We regard a function g : V x V ^ R+ with zero diagonals g{x,x) = 
iov X £ V as Ev R+; we simply denote g{x,y) by g{xy). 

We utilize Edmonds- Giles' lemma for rational polyhedra; see |151 Section 22.1]: 

(4.1) For an integer > 0, a rational polyhedron P C R" is 1/fc- integral if and 
only if min{(c, x) | x € P} is a l//c-integer for each integral vector c S Z*^ 
for which the minimum is finite. 

Here a polyhedron P is said be 1/k-integral if each face of P contains a l//c-integral 
vector, and (•, ■) denotes the standard inner product in R". For a finite set V ^ S, 
consider the following two unbounded polyhedra: 

V^y := {d: metric on V \ d{st) > n{st) {st G Es)} + R+^, 

K,v ■■= + A 

where C := {I € R^^ \ 1{C) = (all cycles C mV)}. 
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Note that T^^y is pointed, and V'^ y is not pointed. Then min{(c, d) | d G ^ij,,v} is finite 
if and only if c is nonnegative, and if finite, then it equals MFP*(^; {V, Ey), S,c). Also 
mm{{c,d) I d € T^'^y} finite if and only if {(y,Ev),S,c) is totally Eulerian, and if 
finite, then it equals MFP*(/i; {V, Ey), S, c). Hence it suffices to show: 

Proposition 4.2. Let fi be a directed distance on S, and let k be any positive integer. 

(1) If dim > 2, then T>^y is not 1/k-integral for some V ^ S. 

(2) IfdirnQf"^ > 2, then V'^ y is not 1/k-integral for some V ^ S. 

Indeed, if a integral optimal multifiow always exists, then the optimal value is 
always l/Zc-integral, and ^^^y is 1/ fc-integral for all V by ()4.ip . The rest of this section 
is devoted to the proof of this proposition. We note the following relation for two metrics 
d, d' on V, which follows from the cycle decomposition of a circulation. 

(4.2) d = d' mod C if and only if d[xy) = d'(xy) — p{x) + p{y) [xy G Ey) for 
some p : y — > R. 

4.1 Preliminary: minimal and extreme metrics 

We begin with preliminary arguments. A metric d G T^^y is said to be minimal if there 
is no other metric d' G ^^^ly with d' ^ d and d' < d, and is said to be C-minimal if there 
is no other metric d' G T^fi,v with d' ^ d mod C and d'{C) < d{C) for all cycles C. 

We first give characterizations of minimal and C-minimal metrics. Let d be a metric 
on S. Then d defines the equivalence relation on S* by x y d{xy) = d{yx) = 0. 
Let [x] denote the equivalence class including x, and let [xy] denote the set of edges from 
[x] to [y]. An edge xy G Es is said to be extremal if there is no edge st G Es \ [xy] 
with d{st) = d{sx) + d{xy) + d{yt). An edge xy is extremal if and only if x'y' G [xy] 
is extremal. So a class [xy] is said to be extremal if xy is extremal. Let be the 
directed graph on S with edge set EH^j^ d = {st G Es \ d{st) = fi{st)}. 

Lemma 4.3. Let d be a directed metric in D^^s- 

(1) d is minimal if and only if every extremal class meets an edge in H^^d- 

(2) d is C-minimal if and only if every extremal class meets a cycle in H^^d- 

We note that d{xy) = d{x'y') for x'y' G [xy] and xy,yx G H^d if [x] = [y]. In 
particular xy is never extremal if [x] = [y] (and d ^ 0). In most cases, we may consider 
the case where each class consists of one edge. 

Proof. (1). If part: By condition we cannot decrease d on extremal classes. Consequently 
we cannot decrease d on non-extremal classes by the triangle inequality. Only-if part: 
suppose that some extremal class [xy] fulfills d{uv) > ^{uv) for uv G [xy]. We can 
decrease d on [xy] with keeping triangle inequality. 

(2). For p : 5 — > R, let d * p be defined by (d * p){xy) = d{xy) — p{x) -\- p{y) for 
xy G Es. By definition and (|4.2p . we see: 

(*1) d is C-minimal if and only if d*p is minimal for every p : S" ^ R with d*p G T^^,s- 
(*2) The set of extremal edges of d is the same as that of d * p. 
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Figure 6: Triangulations 

First we show the if part (of (2)). Take any p : S — ?> R with d* p & ^/i.S) ^''^^ take any 
extremal class [st] of d*p. Since [st] is also an extremal class for d by (*2), [st] meets 
a cycle C in H^^^d- Therefore T^xyecid * p)ixy) = T.xy&cd{xy) = T.xyec f^i^v)- 
d{xy) —p{x) +p{y) = {d*p){xy) > fi{xy), p is constant on C; in particular {d*p){xy) = 
d{xy) = f^{xy) on C. This means that d* p is minimal by (1). Thus d is C-minimal by 

(*!)• 

We show the only-if part. Suppose that some extremal class [st] does not meet any 
cycle. In this case, there is a node subset [/ C S" such that [s] C [7, [t] C 5 \ U, and 
there is no edge entering U (consider the strong component decomposition of H^^d)- For 
a sufficiently small e > 0, let p : 5 ^ R be defined by p{u) = for n € C/ and p{u) = e 
for u ^ U. Then d* p & ^fi,S and {d * p){uv) = d{uv) + e > fi{uv) for uv € [st]. Thus 
d* p is not minimal, and d is not C-minimal. □ 

Second we recall the notion of extreme metrics. A metric d on a finite set V is called 
extreme if d lies on an extreme ray the polyhedral cone A4v formed by all metrics on 
V. Also d is C-extreme if the projection d/C is extreme in M.y j C We give a family of 
extreme metrics. Consider the refinement sequence of triangulations of a plane triangle 
{(x, y) G R^ I < ?/ < X < 1} in (R^,L)^) by congruent triangles, as in Figure [H 
Let 7„ be the metric obtained by restricting (R^,D+) to the vertex set of the n-th 
triangulation. 

Lemma 4.4. 7^ is extreme and C-extreme. 

Proof. One can easily verify that 71 is extreme. Suppose 7^ = d' + d" for some metrics 
d',d". We show 7' = a7„ for some positive a. We observe that the restriction of 7^ 
to each triangle is isometric to (l/n)7i, which is extreme. Since the triangulation is 
connected, we can take a common positive a such that d'{pq) = a^niPQ) for p,q in any 
triangle. For an arbitrary pair p, q of vertices, there is a path p = pi,p2, ■ ■ ■ , Pm = Q lying 
on the triangulation graph such that ^n{pQ) = XlSa^ 7"(P«P«+i)- -^y In = d' + d" , this 
equality must hold for d' . Hence, we have d'{pq) = d'(piPj+i) = o'^-^niPiPi+i) = 
a^nipq)- Thus we have d' = a^n- 

Next we consider the C-extremality. As above, the C-extremality of (n ^ 2) 
reduces to that of 71 by the following observations: For an arbitrary cycle C there is 
a cycle C in the graph with d{C) = d{C'), and for an arbitrary cycle C in the graph 
there are cycles Ci, C2, . . . , Cm each of which belongs to a triangle such that d{C') = 
Y17!=i ^d{Ci). The C-extremality of 71 also follows from a routine calculation, and is left 
to readers. Sketch: suppose 71 = d' + d" mod C By (|4.2|) . 71 (xy) + 71 (yz) = 71 (xz) 
implies the same equality for d' + d" , which in turn implies the same equality for d' . By 
using it, we can show d'{C) = a7i(C) for a := d'{xy) + d'{yx). □ 
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4.2 Proof (metric case) 

Suppose that /u is a metric. In this case, T>fj_y is represented as 

V^y = {d: metric on V \ d{st) = n{st) {st G Es)} + R+^. 

Recah the notions in Section [2.11 0. Then, metric d is minimal in "D^y if and only if d is 
a tight extension of /x. Also d is C-minimal in "D^y if and only if d is a cyclically tight 
extension of 

We first prove Proposition lU (2). Qf"" = by Proposition ESI We can take 
a balanced section R in containing a 2-dimensional face F, which is isometric to 
a polygon in (R^,D+) by (|2.7p (3). Therefore we can take a subset U in F whose 
metric induced by is isometric to 13 jn for some /3 > 0. Fix an integer A; > 0. By 
()2.6p (2), for an arbitrary integer n > 0, we can take a cyclically tight extension d 
on V having /37„ as a submetric. Take a sufficiently large n. Since d/C belongs to a 
bounded face of V^y/C, we can decompose d into a convex combination of cyclically 
tight extensions di,d2, ■ ■ ■ ,dm modulo C such that di/Cis an extreme point in V^y/C 
for i = 1,2, ... ,m. Since d has /3'yn as a submetric and 7„ is C-extreme, some di has a 
submetric 7 with 7 = a/37ri, mod C for some a > 0. Therefore di{pq) + di{qp) = a/3/n 
for some p(7 G Sy. Since di is cyclically tight, it is embedded into {Q'^,Doo)- Therefore 
af3 is bounded by the diameter of (bounded set). Since n is sufficiently large, we 
have a/3/n < 1/k. Hence face di + C has no l/fc-integer vector. 

Proposition 14.21 (1) can be shown in a similar manner. Since has a 2-dimensional 
face, we can take a tight extension d having /37n as a submetric. Since T>^y is pointed 
and d belongs to a bounded face in T>^y by minimality, we can decompose d into a 
convex combination of extreme points in T^^y. For a sufficiently large n, one of the 
summands is not l/A;-integral as above. 

4.3 Proof (general case) 

Suppose that is not a metric. For a distance g on S and a subset U S, the restriction 
of (7 to [/ is denoted by gu- 

Lemma 4.5. Let d be a directed metric in T^^y- 

(1) // ds is minimal in T)^^s ^.n-d d is a tight extension of ds, then d is minimal in 

(2) // ds is C-minimal in T>^^s cind d is a cyclically tight extension of ds, then d is 
C-minimal in T)^y. 

Proof. (1) is obvious from definition. (2) is not so obvious. We utilize Lemma 14.31 by 
extending n to ft : Ey R+ by fis '■= M and Jl{xy) := for xy Es- Take an extremal 
class [xy] of d. We show [xy] PI Es 7^ 0. If true, then [xy] R Es is also an extremal class 
in ds and meets a cycle of H^,dg by the C-minimality of ds (Lemma 14.31 (2)); this cycle 
also belongs to Hj^^ d- 

Extend ds to d : Ey R+ by ds ■= ds and d{xy) := for xy Es. Since d is a 
cyclically tight extension oi ds, d is C-minimal in "D^y. By Lemma 14.31 f2). [xy] meets a 
cycle C in -ffj^. If this cycle belongs to Ey \ Es, then by d{uv) = d{uv) = for G C 
the triangle equality we have [x] = [y] and thus [xy] is never extremal; a contradiction. 
Therefore C meets distinct nodes in S. By the triangle inequality and d = on Ey \ Es 
we may assume that C includes a path [u, x, y, v) with distinct u,v S. In particular 
d{uv) = d{ux) = d{xy) = d{yv) = 0. Since d{uv) = d{ux) + d{xy) + d{yv) and xy is 
extremal, d{xu) = d{vy) = 0, and thus ([x], [y\) = {[u], [v\). So [xy] n Es 7^ 0- □ 
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Our final goal is the following: 



Lemma 4.6. Let fi be a directed distance on S. 

(1) If dim > k, then there is a minimal metric d in T)^^s with dimT^ > k. 

(2) //dimQ^'*'" > 2, then there is a C-minimal metric d in "D^^s with dimQd > 2. 

Assuming the validity of this lemma, we complete the proof of Theorem 14. li We only 
show (2) in this theorem; again (1) can be shown in a similar way. By this lemma, we 
can take a C-minimal metric d in 2^^, 5 with dimQ^^ > 2. Take a cyclically tight extension 
d' of d such that d' contains f3'jn as a submetric for sufficiently large n. Since d' is C- 
minimal fLemma 14.51 (2)), d' is decomposed, in modulo C, into a convex combination of 
C-minimal metrics di,d2, ■ ■ ■ , dm such that each di is an extreme point of D'^ y/>C. Some 
di + C has no 1/ A;-integral point, as in the metric case. 

Let us start the proof. For p G P^, let Xp be the set of elements s € S with 
p{s'^) = 0. Our argument crucially relies on the following claim: 

(4.3) For p £ Pfj_, there is a minimal metric d € 2^^. 5 such that p € P^, and 

P{s') + Pin = d{st) if sH' G EK^ip), . , ^ ^ \ y s 
p{s') + pif) > d{st) otherwise, {s,i ^ d \ ^p). 



Proof. Replacing p hy p + a{l, —1) for some a if necessary, we may assume that p is 
nonnegative. Let d be the distance on S defined by 

d{st) = p{s') + p{f) (s,tG5). 

Then d is a metric, more precisely, d is realized by a subdivision of a star. We try to 
decrease d{st) for s, t G 5 \ Xp with sH^ EK{p) with keeping the triangle inequality. 
Since one oi p{s'^)^p{s'^) and one oi p{t'^).,p{f') are positive, there is no u G such 
that d{us) + d{st) = d{ut) or d{st) + d{tu) = d{su). Let d{st) d{st) — e for small e > 
and s,t G 5 \ Xp with sH"^ EK{p); we remark d{st) > n{st) > 0. Then d does not 
violate the triangle inequality. So d is not minimal, and we can take a minimal metric 
d' G with d' <d. □ 



Proof of Lemma 14.61 (1). By ()2.7p (2), we can take a point p G such that K^{p) 
has at least k components having no u G 5"^^ with p{u) = 0. Take a minimal metric d in 
()4.3p . Let U := Consider the restrictions fj-u of fi to U and p^/ of p to . Then 

P(7 belongs to T^^ and K^^{pij) has /c components. By (|2.7p (2) we have dimT^^ > k. 
One can easily see that T^^ is the surjective image of the projection of T^; necessarily 
dimT^j > dimT^y > k. 

Proof of Lemma 14.61 (2). Suppose that dimQ^'**" = A; for > 2. We try to find a 
triple {U, d,p) oi U C S, a metric d on U, and p £ Qd such that d is C-minimal in Vf^^^u 
and Kii{p) has at least 3 components, which implies Lemma HTUl (2) by (|2.7p (2') and the 
following claim. 

(4.4) For U Q S, let d be a C-minimal metric in V^jj^jj. Then there is a C-minimal 
metric d* in V^^s with dimQd* > dimQd- 
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Proof. Extend d to d' in "D^^s with d'u = d. Then d' may not be C-minimal in "D^^s- 
We can take a C-minimal metric d* in V^j^^s such that d*{C) < d{C) for aU cycles C in 
S. Since d is C-minimal in T>^^^ij, we have d = d*;/ mod C. Then is a translation of 
Qd*u-, and hence dimQ^ = dimQd*^;. Since every point p G can be extended to a 

point in Qd*, we have dimQd* > dimQd- □ 

We can take p G Q^fj^"^ such that p/ ~ belongs to the interior of A;-dimensional face 
in Q^'*™ for k > 2. There are three cases: 

(i) K^{p) has at least 3 components and Xp = 0. 

(ii) K^{p) has at least 3 components and Xp ^ (p belongs to Qf^^Xp)- 

(iii) K^{p) has at least 4 components one of which is a (complete bipartite) component 
of nodes Xp'^ U Xp^ {p belongs to the interior of Q'j^Xp)- 

In the following, for a distance g on S and a point p G R'^'^'^, we denote by Hg{p) the 
directed graph on S with EHg{p) := {st \ s'^f G EKg{p)} (possibly including loops). 

We first consider case (i). Suppose that H^{p) is strongly connected. Since Xp = 0, 
by (|4.3p we can take a minimal metric d G "^^,5 and K^{p) = K^ip). So K^ip) also 
has at least 3 components; dimQd > 2. By definition and construction, EH^{p) = 
EH(i{p) C EH^ d- Therefore H^ d is also strongly connected, which immediately implies 
the C-minimality of d by Lemma 14.31 (2). Thus {S, d,p) is a required triple. 

Suppose that H^{p) is not strongly connected. Take a chordless cycle {xi,X2, ■ ■ ■ , Xm) 
(without repeated nodes). Since Xp = 0, equivalently, -ff^(p) has no loop, the cycle length 
m is at least two. Suppose m > 3. Then let U {xi,X2, . . . ,Xm\-, and p pu (the 
restriction of p to [/"'). Then H^^j (p) is a cycle of length m, and K^^ (p) is a matching of 
size m (has m components). According to (|4.3p . we can take a minimal metric d G T)^jj^u 
with p € Qd and K^^{p) = Kd{p). Thus H^^^d is strongly connected, and {U,d,p) is a 
required triple. 

Suppose that there is no simple chordless cycle of length at least 3 in Hp{p). Since 
each node has both entering and leaving edges, we can take from H^{p) two disjoint 2- 
cycles (xi,X2), (^1,^2) without edges from {2/1,2/2} to {xi,X2}. Let U *r- {xi, X2, yi, 2/2}, 
and p pu. Again we can take a minimal metric d G with K^jj{p) = Kd{p)- For 

small positive e, decrease p by e on {2/1, 2/2}^^ and increase p by e on {2/1, 2/2}'^- Then Kd{p) 
has four components consisting of four disjoint edges x^X2, x^x^, 2/^2/2 ' 2/22/1 • Suppose that 
d is not C-minimal (otherwise (C/, d,p) is a required triple). So we may assume that H^^^d 
has an extremal edge from {xi, X2} to {2/1,2/2}, and has no edge from {2/1,2/2} to {xi, X2}. 
Then we can construct a C-minimal metric from d by adding 
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for e > and decreasing some of d{xiyj). For keeping p G Qd, decrease p by e on {2/1, 2/2}*^ 
and increase p by e on {2/1, 2/2}'"- Then the resulting Kd{p) is a matching consisting of 
the four edges. Thus {U,d,p) is a required triple. 

Next we consider case (iii). Let C/ \ Xp and let p pu. Then K^^{p) has no 
isolated node. Obviously, K^^{p) has at least 3 connected components, and Xp = 0. 
Thus p G QnJ^- Therefore, the situation reduces to case (i). 



25 



Finally we consider case (ii). We use the same projection idea. Take x E Xp. Let 
A'^ C S*^ \ Xp'^ and B"^ C \ Xp^ be the sets of nodes u covered only by and x^, 
respectively. Suppose U B'^' = 0. Then let f7 ^ 5 \ x, and let p ^ pu. Then Xp 
decreases, p G Q^^"^, and K^^{p) has at least 3 connected components. Suppose that 
both A'^ and B^ are nonempty. For a small positive e, decrease p by e on ^4"^ U B^ and 
increase p by e on x'^,x'^. Then Xp decreases, p E Q^J^^"^, and K^{p) has at least 5 
connected components. Suppose that one of A'^ and B^, say B^ , is empty. Then x'^ is 
necessarily incident to S^\x^'; otherwise p is a proper fat relative to {x}, a contradiction. 
For a small positive e, decrease p by e on A'^ and increase p by e on x'^. Again p G Q^'*™ 
(x'^ is still covered), and K^{p) has at least 4 connected components; Repeat it until 
Xp = 0. After that, the situation reduces to case (i). 
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